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Abstract

This paper is concerned with a new modeling technique for the effective eddy current damper and
vibration suppression of a beam using the eddy current damper. The eddy current damper consists of the
permanent magnets and the conducting sheet. The relative motion between the magnets and the conducting
sheet produces eddy currents thus resulting in the electromagnetic force, which turns out to be the damping
force thus suppressing vibrations. The important advantage of the proposed eddy current damper is that it
does not require any electronic devices and external power supplies. In the present study, the theoretical
model for the eddy current damper is derived using the electromagnetic theory combined with the image
method. The theoretical model enables us to estimate the damping augmented to the host structure as well
as develop a design tool for the eddy current damper. It is found from the comparison with the
experimental results that the theoretical model can predict the damping characteristics and the dynamic
behavior of the structure. The theoretical and experimental results also showed that the vibration of the
beam can be successfully suppressed by means of the eddy current damper.
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Nomenclature

a height of magnet
A half-width of conducting sheet
b width of magnet
B magnetic field
E electric field
J current density
le distance between the beam end and the

center of a magnet
m mass of beam

u displacement of beam
x coordinates
t time
d thickness of conducting sheet
�0 permittivity of free space
y rotation angle of eddy current damper
r surface charge density
s conductivity
obi natural frequency of beam
Bbi damping ratio
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1. Introduction

In modern vibration controller design for smart structures, much effort is devoted to the
development of an efficient actuator along with high-performance control algorithms. Smart
materials such as PZT, terfenol-D, ER, MR, and shape memory alloys have been exploited as
candidates for actuators. In addition to these actuators, it is well known that the damping can be
obtained by the electromagnetic force which is generated by the movement of a conducting
material through a stationary magnet or the movement of a magnet through a stationary
conducting material (Fig. 1). By Maxwell’s law, a time-varying magnetic field produces an electric
field. This causes ‘‘eddy’’ currents to flow in the conductor. These currents dissipate energy as they
flow through the resistance of the conductor. The resulting drag force on the conductor is
proportional to its velocity relative to the field. The device thus functions as a viscous damping
element.
Eddy currents have been used in our home electric appliances, non-contact measurement

devices, and brake systems for high-speed trains. The advantage of the eddy current brake
systems [1–5] is that they are non-contacting devices, thus resulting in semi-permanent
devices.
Karnopp [6] introduced that a linear electrodynamic motor consisting of copper wire with

permanent magnets can be used as an electromechanical damper. He showed that his actuator
could be much smaller and lighter than conventional actuators. Schmid and Varga [7] studied the
vibration-reducing system with eddy current damping for high-resolution and nanotechnology
devices such as an scanning tunneling microscope (STM). Larose et al. [8] studied the effectiveness
of external means for reducing the oscillations of a full-bridge aeroelastic model. To reduce
the oscillation, they used a tuned mass damper (TMD) that has the adjustable inherent
damping provided by an eddy current mechanism. Okada et al. [9] studied the method of self-
sensing active vibration control using a moving-coil-type actuator. They estimated the velocity
from a driving current which is used to reduce the vibration. Teshima et al. [10] investigated the
effects of an eddy current damper on the vibrational characteristics in the super-conducting
levitation and showed that the damping in vertical vibration was about 100 times improved by
eddy current dampers.
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Fig. 1. Damping force due to eddy current.
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Takagi et al. [11] studied thin plate deflection in a magnetic field analytically and
experimentally. They used an electromagnet with very high current (several hundred
Amperes) to generate the magnetic field. CSA Engineering Inc. [12] has studied a magnetic
tuned mass damper for a spacecraft solar array and a magnetically damped isolation mount
for space shuttle payload. Matsuzaki et al. [13] proposed the concept of a new vibration
control system in which the vibration of the partially magnetized beam is suppressed by using
the electromagnetic forces. They performed the vibration suppression analysis of the thin
beam with the two magnetized segments subjected to an impulsive force to confirm the
effectiveness of their system. Graves et al. [14] derived the mathematical models of
electromagnetic dampers based on a motional electromagnetic field (emf) and transformer
emf devices and presented a theoretical comparison between these two devices. A motional
emf device provides a generated current due to the movement of a closed conduction circuit
or a conductor through a stationary magnetic field. A transformer emf device generates an
emf within a stationary conducting circuit, due to a time-varying magnetic field. Both
these devices can also be used as a damper. Recently, Kwak et al. [15] investigated the
effects of the eddy current damper on the cantilever beam and their experimental results showed
that the eddy current damper can be an effective device for vibration suppression. However, they
did not derive the detailed eddy current damping model and used a simple electromagnetic theory
instead.
In the present study, a theoretical model for an eddy current damper is first derived based on

the electromagnetic theory. To this end, the damping effect caused by the permanent magnet
moving on an infinite conducting sheet is investigated. Since the conducting sheet used for the
eddy current damper is finite in size, the end effect is taken into consideration by using the image
method. Using the theoretical result on the eddy current damping model, the dynamic
characteristics of the cantilever beam with the eddy current damper considered in Ref. [15] are
investigated analytically and compared with the experimental result. It can be concluded that the
damping value for the eddy current damping is theoretically predictable and the overall damping
characteristics of the structure can be improved dramatically by the addition of the eddy current
damper.
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2. Modeling of eddy current damper

2.1. Infinitely extending conducting sheet

Fig. 2 shows a conducting sheet of thickness d and conductivity s that moves with constant
velocity v in the air gap of a rectangular magnet. For simplicity, we assume that the width of the
conducting sheet, A, is infinite or much larger than that of a pole, a, and then the effect of the
boundary of the conductor can be negligible. The surface charges (Coulomb charge) are assumed
to be generated at the end of the pole projection area on the conducting sheet as shown in Fig. 3.
The current density induced by a moving conducting sheet at velocity v is given by [8,16,17]

J ¼ sðEþ v� BÞ; (1)

where B ¼ Bzk inside the pole projection area and B ¼ 0 outside. The v� B term is an
electromotive field driving the eddy current J: E is the electrostatic field of Coulomb charge
induced within the conducting sheet along the edges of the footprint parallel to the motion of the
sheet, as shown in Fig. 3.
Heald [2] and Schieber [17] have derived the eddy current distributions due to a rectangular

electromagnet. They assumed that the rectangular electromagnet is moving with a constant
velocity. The eddy current damper employed in Ref. [15] shows that the permanent magnet
undergoes a pendulum motion. Due to the radial motion, the assumption of a constant velocity
profile no longer holds. Hence, the linearly varying velocity along the x-axis in Fig. 3 is considered
in the present study.
For the motion of the conducting sheet in the y-direction, the negative charges move leftward

and are stacked at the left end of the pole projection. Similarly, the right ones move right and are
stacked at the right end. Based on the magnetic pole density at the surface of the permanent
magnet, the surface charge densities on the parallel to the yz plane at x ¼ �a can be written as

rsxþ ¼ þ�0vþBz; (2)
Fig. 2. Configuration of linearly moving conduction sheet.
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Fig. 3. Surface charge densities for the motion of conducting sheet.
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rsx� ¼ ��0v�Bz; (3)

where �0 is the permittivity of free space. v� are the velocities in the y-direction at x ¼ �a: Using
Coulomb’s law, the incremental electric field dExþ in the x-direction at Pðx; yÞ due to the
incremental charge rsxþ dZ is

dExþ ¼
rsxþ

2p�0R
x � a

R
dZ; (4)

where a is the height of a rectangular magnet, Z is a location in the y-direction at x ¼ �a; and

R ¼ jRj ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx � aÞ2 þ ðy � ZÞ2

q
: Substituting Eqs. (2) and (3) into Eq. (4) and integrating from

�b to b, the electric field at Pðx; yÞ due to the positive charge is

Ex ¼ �
vþBz

2p
tan�1

y � b

x � a
� tan�1

y þ b

x � a

� �
þ

v�Bz

2p
tan�1

y � b

x þ a
� tan�1

y þ b

x þ a

� �
; (5)

where the electric field in the y-direction is assumed to be negligible.
Substituting Eq. (5) into Eq. (1), the current density on the conducting sheet is

Jx ¼
sðEx þ vBzÞ inside;

sEx outside:

(
(6)

Then the damping force can be calculated by

F ¼

Z
V

J� BdV : (7)

Substituting Eqs. (5) and (6) into Eq. (7), the damping force is

Fy ¼ �sdB2
zSv0a1; (8)
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a1 ¼ 1�
1

2p
4tan�1

b

a
þ

b

a
ln 1þ

a2

b2

� �
�

a

b
ln 1þ

b2

a2

� �� �
; (9)

where S ð¼ 4abÞ is the pole projection area and v0ð¼ ðvþ þ v�Þ=2Þ is the mean velocity. The second
term of a1 represents the effect of the surface charge on the eddy current damping force. Eqs. (8)
and (9) can be used to calculate the damping force of a conducting sheet with an infinite width.
Eqs. (8) and (9) are derived on the assumption that the conducting sheet is moving with linearly
varying velocity. However, it is found that it provides the same result as given in Refs. [2,7], since
the resulting equation is expressed in terms of the mean velocity.

2.2. Image method and imaginary eddy current

For a conductor with a finite width, the boundary conditions need to be considered since the x
component of the eddy current is zero at the left and right edges of the conducting sheet. An
imaginary eddy current and an image method [18] are introduced to satisfy the boundary
condition in this study.
By introducing imaginary eddy currents, the net eddy current J 0 can be written as

J 0 ¼ J ð1Þ
x � J ð2Þ

x � Jð3Þ
x ; (10)

where the primary eddy current J ð1Þ
x is the eddy current of the infinite conducting sheet in Eq. (6).

J ð2Þ
x and Jð3Þ

x are the imaginary eddy currents at the right and left sides of the conductor,
respectively, as shown in Fig. 4. To be more complete, the infinite number of the imaginary eddy
currents should be considered but, for simplicity, the pair of the imaginary eddy currents, like J ð2Þ

x

and J ð3Þ
x ; are considered in the present study.

The net eddy current must be zero at the edges of the conductor ðx ¼ �AÞ: The idea to find the
imaginary eddy current is to assume that it is symmetric to the primary eddy current Jð1Þ

x at the
right and left sides of the conductor. As shown in Fig. 4, the right imaginary eddy current J ð2Þ

x is
symmetric to the primary eddy current J ð1Þ

x at the axis of x ¼ A: Hence, we know that the relation
is

J ð2Þ
x ðx; yÞ ¼ Jð1Þ

x ð2A � x; yÞ: (11)

Similarly, the left imaginary eddy current Jð3Þ
x can be written as

Jð3Þ
x ðx; yÞ ¼ J ð1Þ

x ð�2A � x; yÞ: (12)
Fig. 4. Symmetry of imaginary eddy currents: —–, J ð1Þ
x ; – - –, J ð2Þ

x ; ......., J ð3Þ
x :
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Therefore, we can calculate the net eddy current distributions on the finite conducting sheet to
substitute Eqs. (11) and (12) into Eq. (10).
2.3. Finite conducting sheet with linearly varying velocity

From Eqs. (11) and (12), the right and left imaginary eddy current distributions inside the pole
projection area are

J ð2Þ
x ¼ sBz

1

2p
vþ tan�1

y � b

x þ a � 2A
� tan�1

y þ b

x þ a � 2A

� ��	

þv� �tan�1
y � b

x � a � 2A
þ tan�1

y þ b

x � a � 2A

� ��

; ð13Þ

J ð3Þ
x ¼ sBz

1

2p
vþ tan�1

y � b

x þ a þ 2A
� tan�1

y þ b

x þ a þ 2A

� ��	

þv� �tan�1
y � b

x � a þ 2A
þ tan�1

y þ b

x � a þ 2A

� ��

: ð14Þ

The damping force can be derived as

Fy ¼ �

Z b

�b

Z a

�a

ðJ ð1Þ
x � J ð2Þ

x � Jð3Þ
x ÞB0 dxdy ¼ F ð1Þ

y þ F ð2Þ
y þ F ð3Þ

y : (15)

The integrations of the three terms in Eq. (15) are expressed as

F ð1Þ
y ¼ �sdv0B

2
zS 1�

1

2p
4tan�1 h þ h log 1þ

1

h2

� �
�
1

h
logð1þ h2Þ

� �	 

; (16)

F ð2Þ
y ¼

sdB2
zS

2p
1

2
vþI1 þ

1

2
v�I2

� �
; (17)

F ð3Þ
y ¼

sdB2
zS

2p
1

2
vþI2 þ

1

2
v�I1

� �
; (18)

where h ¼ b=a: The details of the integrations I1 and I2 are explained in Appendix A. Therefore,
the damping force due to the net eddy current is

Fy ¼ �sdv0B
2
zSða1 þ a2Þ; (19)
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where a2 represents the end effect of the conducting sheet on the damping force and is
defined as

a2 ¼ �
1

2p
ðI1 þ I2Þ: (20)

In the previous work [15], both the effect of the surface charge and the end effect were not considered.
3. Modeling of cantilever beam with ECD

Fig. 5 shows a cantilever beam with an ECD at its end [15]. Their theoretical developments are
summarized below.
The equations of motion can be obtained as

M €Zþ C _Zþ KZ ¼ Bf F ; (21)

where

M ¼
Mt F̄T

F̄ Je

" #
; C ¼

Cb 0

0 Ce

" #
; K ¼

Kb 0

0 ke

" #
; Bf ¼

FT
L

0

( )
; Z ¼

q

y

	 

: (22)

Cb is the damping matrix of the beam and

Mt ¼ m

Z L

0

FTFdx þ MCFT
LFL þ Me½FL þ leF0

L�
T½FL þ leF0

L�; (23)

F̄ ¼ Mele½FL þ leF0
L�; Je ¼ Mel

2
e ; (24)

Kb ¼ EI

Z L

0

F00TF00 dx; FL ¼ FðLÞ; (25)

F0
L ¼

d2FðLÞ
dx2

: (26)
Fig. 5. Cantilever beam with eddy current damper at the beam end.
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For the proposed eddy current damper, the mean velocity in Eq. (19) is

v0 ¼ le
_y: (27)

The damping coefficient in Eq. (22) is then

Ce ¼ sdleB
2
zSða1 þ a2Þ: (28)

Ignoring the damping term and the ECD term in Eq. (21) and solving the eigenvalue problem,
we can obtain the transformation

Z ¼ Uq: (29)

The matrix U satisfies the orthogonal relationships such as

UTMtU ¼ I ; UTKbU ¼ Lb; (30)

where I is the n � n unit matrix and

Lb ¼ diagðo2
b1 o2

b2 � � � o2
bnÞ: (31)

The damping matrix Cb is assumed to be

UTCbU ¼ 2ZbOb; (32)

where

Zb ¼ diagðzb1 zb2 � � � zbnÞ; (33)

Ob ¼
ffiffiffiffiffiffi
Lb

p
: (34)

Let us introduce the state vector

z ¼ ½q y=L _q _y=L�T: (35)

Substituting Eqs. (29), (33), (34), and 44 into Eq. (21), we obtain

M €z þ C _z þ Kz ¼ B
f F ; (36)

where

M ¼
I F̄T

F̄
1

" #
; (37a)

C ¼
2ZbOb 0

0 2zeoe

" #
; (37b)

K ¼
Lb 0

0 oe

" #
; (37c)

B
f ¼

UTFT
L

0

( )
: (37d)
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The final state-space equation is then

_y ¼ Asy þ BsF ; (38)

where

y ¼ ½zT _zT�T; (39)

As ¼
0 I

�M�1K �M�1C

� �
; (40a)

Bs ¼
0

M�1B
f

( )
: (40b)

4. Numerical analysis

4.1. Rectangular pole with constant velocity

For the pole with a constant velocity, the positive and negative velocities in Eq. (5) are the same
as v0: Fig. 6 shows the current density distribution on the conducting sheet in Eq. (6) for the case
of y ¼ 0; h ¼ 0:5; and wðA=aÞ ¼ 1:5: The pole projection area is from x=a ¼ �1:0 to 1.0. The
dash–dotted line is the current distribution generated by the motion of the conductor and the
dotted line is the current distribution due to the surface charge. The solid line is the primary
current density distribution. It can be readily seen that the current density is considerably
decreased by the surface charge.
Fig. 7 shows the primary and imaginary electric field distributions on the moving conduction

sheet. The dotted line and dash–dotted line are the density distributions due to the right and left
Fig. 6. Current density distribution of a conducting sheet with constant velocity (y ¼ 0; h ¼ 0:5; w ¼ 1:5): —–, Jð1Þ
x ;

......., Ex; – - –, v � B:
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Fig. 8. Net eddy current distributions of finite and infinite conducting sheets: —–, finite sheet; ......., infinite sheet.

Fig. 7. Primary and imaginary eddy current distributions ðy ¼ 0; h ¼ 0:5; w ¼ 1:5Þ: —–, Jð1Þ
x ; ......., Jð2Þ

x ; – - –, Jð3Þ
x :
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imaginary electric fields, respectively. The net current density on the pole projection area is
obtained by the summation of these primary and imaginary current distributions. At the end of
the conducting sheeting, x=a ¼ �1:5 and 1.5, the current density of the imaginary current density
is the same as that of the primary one. Fig. 8 shows the end effect of the conducting sheet on the
current distributions. Due to the existence of the edge, the net current density is considerably
decreased. At x=a ¼ �1:5 and 1.5, the current density should be zero, but the present results is not
exactly zero. This is because the one pair of the imaginary current distribution is considered in the
present study for simplicity. Fig. 9 shows the three-dimensional net current density distribution J 0
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Fig. 10. Effects of edge on eddy current damping force: —–, infinite end; —’—, A=a ¼ 2:5; .....�:::::; A=a ¼ 2:0; —
&— , A=a ¼ 1:5; ??�??, A=a ¼ 1:0:

Fig. 9. Three-dimensional net current distribution ðh ¼ 0:5; w ¼ 1:5Þ:
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on the conducting sheet with a constant velocity. In the y-direction, the current density at the edge
is larger than that at the center. Hence, it can be readily seen that the current density increases as
the aspect ratio h decreases.
Fig. 10 shows the damping forces acting on the moving conducting sheet due to the rectangular

pole. As the aspect ratio b=a of the pole decreases, the damping force increases. As the w increases,
the damping force increases. When the aspect ratio is 0.2 and the width ratio is 1.0, the ratios of
the damping forces with and without end effect are 0.65 and 0.80, respectively.
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Fig. 12. Three-dimensional net current density distribution ðh ¼ 1:5; w ¼ 1:5; a=R ¼ 0:2Þ:

Fig. 11. Current density distribution of a conductor with linearly varying velocity

ðy ¼ 0; h ¼ 0:5; w ¼ 1:5; a=R ¼ 0:2Þ: ——, J1x; ......., Ex; – - –, v � B:
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4.2. Rectangular pole with linearly varying velocity

Fig. 11 shows the current density distribution on the conducting sheet moving with a linearly
varying velocity along the x-axis for the case of y ¼ 0; h ¼ 0:5; and a=le ¼ 0:2: Fig. 12 shows the
three-dimensional net current distribution of the conducting sheet. Due to a linearly varying
velocity, the current distribution is no longer symmetric about the center of the pole. From
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Fig. 13. Damping ratio of eddy current damper.
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Eq. (19), we know that the damping force is independent of the radius ratio a=le: Hence, the
current distribution is not symmetric but the net damping force due to the pole is the same as the
previous case, as shown in Fig. 9.
Fig. 13 shows the damping ratio of the eddy current damper. The damping ratio due to the

ECD is defined as

ze ¼
Ce

2
ffiffiffiffiffiffiffiffiffi
keJe

p : (42)

When the magnetic flux density is greater than 0:275Wb=m2; the eddy current damper has
‘‘overdamped motion’’ [19]. Overdamped motion means that the damping ratio is greater than 1.0
and the overdamped system does not oscillate. From Fig. 13, we know that it is possible to obtain
very large viscous damping from the eddy current damper. Thus, the eddy current damper can be
used as an effective vibration absorber.

4.3. Dynamic characteristics of cantilever beam

The ECD was built to show its effectiveness on the vibration suppression of the beam in
Ref. [15]. Fig. 14 shows the aluminum beam with the ECD [15]. The ECD consists of a copper
plate and rectangular permanent magnets as shown in Fig. 14. The aluminum plate to which
the magnets are attached is bolted to the beam end by the stainless plate. The mass of the ECD is
0.15 kg. The fundamental frequencies of the beam without ECD and non-activated ECD are
10 and 3.2Hz, respectively. Numerical simulations on the beam with the eddy current damper
shown in Fig. 5 have been performed. The length L, mass m, and the bending stiffness EI of the
beam are 0.39m, 0.087 kg, and 1:84Nm2; respectively. Fig. 15 shows the frequency responses of
the original beam and the beam with non-activated ECD. The fundamental natural frequency
of the original beam is 10.5Hz and the beam with ECD is 3.3Hz. Due to the increase of
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Fig. 15. Frequency response plots of beam with and without ECD: ——, with ECD; ......., without ECD.

Fig. 14. Aluminum beam with eddy current damper: (a) eddy current damper, (b) cantilever beam with ECD.

J.-S. Bae et al. / Journal of Sound and Vibration 284 (2005) 805–824 819
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Fig. 16. Frequency response plots: ——, ECD on; ......., ECD off.
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the tip mass, the fundamental frequency is considerably decreased and the response magnitude is
increased.
Fig. 16 shows the frequency responses of the beam when the ECD is activated. When the ECD

is activated, the damping of the beam increases dramatically through the entire frequency range.
Fig. 17 shows the numerical and experimental time responses of the beam with ECD. The present
numerical simulation agrees well with the experimental time response [15]. Due to the activation
of ECD, the vibration is quickly suppressed. When the beam oscillates, the relative motion of the
magnet generates the eddy current on the conducting sheet and its electromagnetic force dissipates
the vibration energy of the beam. Hence, the ECD proposed in the present study is very effective
in the vibration suppression of the beam.
5. Discussion and conclusions

In the present study, the theoretical model for the eddy current damper (ECD) was derived by
using electromagnetic theory. The theoretical model can be used for the prediction of a damping
value induced by the eddy current so that the design of an effective ECD for vibration suppression
can be achieved in the preliminary design stage. The theoretical ECD model is based on the
permanent magnet moving on a finite conducting sheet. To this end, the theoretical ECD model
for the permanent magnet moving on an infinite conducting sheet was first considered and the
result was later extended to the case of the finite conducting sheet. Since the ECD considered in
Ref. [15] undergoes a pendulum motion, the linearly time-varying velocity was considered.
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Fig. 17. Numerical and experimental time responses of beam with ECD: (a) time history of tip acceleration (experiment

[15]); (b) time history of tip displacement (theory): ——, ECD on; ......., ECD off.

J.-S. Bae et al. / Journal of Sound and Vibration 284 (2005) 805–824 821
However, the net damping value for this case is identical to the case of constant velocity, which is
in fact the mean velocity.
The proposed ECD model was used to predict the dynamic characteristics of the cantilever beam

with the ECD considered in Ref. [15]. It must be noted here again that the damping value was not
theoretically estimated in Ref. [15]. We used the material constants given by the permanent magnet
production company to estimate the damping value of the ECD. It turns out that the theoretical
result is reasonably close to the experimental result, thus validating the theoretical model. The
theoretical time response of the cantilever beam with the ECD was compared to the experimental
result of Ref. [15]. It shows that we can estimate the dynamic response accurately. As concluded in
Ref. [15], the damping characteristics of the structure can be dramatically improved by the addition
of the ECD so that vibration suppression can be easily achieved.
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Appendix A. Integrations

To calculate the damping generated by the right imaginary eddy current J ð2Þ
x ; we utilize the

relations Z b

�b

Z a

�a

tan�1
y � b

x þ a � 2A
dxdy ¼

Z b

�b

Z a

�a

�tan�1
y þ b

x þ a � 2A
dxdy; (A.1)

Z b

�b

Z a

�a

�tan�1
y � b

x � a � 2A
dxdy ¼

Z b

�b

Z a

�a

tan�1
y þ b

x � a � 2A
dxdy: (A.2)

The integrations of Eqs. (A.1) and (A.2) are

I1 ¼
1

ab

Z b

�b

Z a

�a

tan�1
y � b

x þ a � 2A
dxdy

¼
1

ab
4Ab tan�1

b

A
� 4ða � AÞb tan�1

b

a � A
þ A2 logð4A2Þ

	
� ðA2 � b2Þ log½4ðA2 þ b2Þ� � ða � AÞ

2 log½4ða � AÞ
2
�

þ ½ða � AÞ
2
� b2� log½4ða � AÞ

2
þ 4b2�



ðA:3Þ

and

I2 ¼
1

ab

Z b

�b

Z a

�a

�tan�1
y � b

x � a � 2A
dxdy

¼
1

ab
4Ab tan�1

b

A
� 4ða þ AÞb tan�1

b

a þ A
þ A2 logð4A2Þ

	
� ðA2 � b2Þ log½4ðA2 þ b2Þ� � ða þ AÞ

2 log½4ða þ AÞ
2
�

þ ½ða þ AÞ
2
� b2� log½4ða þ AÞ

2
þ 4b2�



: ðA:4Þ

The damping force generated by the right imaginary eddy current is then

F ð2Þ
y ¼

sd_yleB
2
zS

2p
1

2
1þ

a

le

� �
I1 þ

1

2
1�

a

le

� �
I2

� �

¼
sd_yleB

2
zS

2p
1

2
ðI1 þ I2Þ þ

a

2le

ðI1 � I2Þ

� �
; ðA:5Þ
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where

I1 ¼ 4w tan�1
h

w
� 4ð1� wÞ tan�1

h

1� w
þ

w2

h
log w2

�
1

h
ðw2 � h2Þ logðw2 þ h2Þ �

1

h
ð1� wÞ2 logð1� wÞ2

þ
1

h
½ð1� wÞ2 � h2� log½ð1� wÞ2 þ h2�; ðA:6Þ

I2 ¼ 4w tan�1
h

w
� 4ð1þ wÞ tan�1

h

1þ w
þ

w2

h
log w2

�
1

h
ðw2 � h2Þ logðw2 þ h2Þ �

1

h
ð1þ wÞ2 logð1þ wÞ2

þ
1

h
½ð1þ wÞ2 � h2� log½ð1þ wÞ2 þ h2�: ðA:7Þ

In Eqs. (A.6) and (A.7), w ¼ A=a: From Eqs. (A.1)–(A.4), we know thatZ b

�b

Z a

�a

tan�1
y � b

x þ a þ 2A
dxdy ¼

Z b

�b

Z a

�a

�tan�1
y � b

x � a � 2A
dxdy ¼ I2ab; (A.8)

Z b

�b

Z a

�a

�tan�1
y � b

x � a þ 2A
dxdy ¼

Z b

�b

Z a

�a

tan�1
y � b

x þ a � 2A
dxdy ¼ I1ab: (A.9)

The damping force generated by the left imaginary eddy current is then

F ð3Þ
y ¼

sd_yleB
2
zS

2p
1

2
1þ

a

le

� �
I2 þ

1

2
1�

a

le

� �
I1

� �

¼
sd_yleB

2
zS

2p
1

2
ðI1 þ I2Þ þ

a

2le

ðI2 � I1Þ

� �
: ðA:10Þ
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